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ABSTRACT
We theoretically analyze and experimentally demonstrate optical bi-stability and multi-stability in an integrated nonlinear high-order micror-
ing resonator filter based on high-index contrast doped silica glass. We use a nonlinear model accounting for both the Kerr and thermal
effects to analyze the instability behavior of the coupled-resonator based filter. The model also accurately predicts the multi-stable behav-
ior of the filter when the input frequency is slightly detuned. To understand the role of the intracavity power distribution, we investigate
the detuning of the individual rings of the filter from the optical response with a pump–probe experiment. Such a measurement is per-
formed scanning the filter with a low-power probe beam tuned a few free spectral ranges away from the resonance where the pump is
coupled. A comprehensive understanding of the relationship between the nonlinear behavior and the intracavity power distribution for
the high-order microring resonator filter will help the design and implementation of future all-optical switching systems using this type of
filter.
© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0002941., s
I. INTRODUCTION
Optical bistability, addressed initially by the pioneering work
of Szöke et al. in 1969,1 is a phenomenon that is still of significant
interest due to its many applications in ultrafast communications
and signal processing.2–9 Photonic crystals and micro-cavities are
two popular geometries for the implementation of all-optical devices
such as switches,10 logic gates,11 and memories.12 These devices uti-
lize the free carrier or Kerr induced nonlinear resonance shift to
generate their bi-stable behavior.13 In general, low switching thresh-
old power, high on/off contrast, and multiple operation states are
desired in these devices.
Recently, integrated optical ring micro-cavities fabricated with
CMOS compatible platforms such as silicon,14 silicon nitride,15,16
and high-index-contrast doped silica glass17–19 have demonstrated
excellent nonlinear optical performance. Bistability in these micro-
cavities has been investigated both theoretically20–22 and experimen-
tally,23–26 based on the Kerr and/or thermo-optical effects, which
yield intensity dependent nonlinear responses. In particular, bista-
bility can be triggered at very low power levels in these devices, due
to the strong mode confinement, long interaction lengths, and high
enhancement of the resonant field.27,28
In this framework, high-order resonator filters consisting of
multiple cavities have been explored for optical functions such
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as slow light29 and optical buffers.30 Unlike the linear Lorentzian
response of a single ring resonator, in high-order filters, both the
bandwidth and shape of the linear high-order filter response can be
adjusted by controlling the coupling between the cavities, as well
as their relative resonances, thus providing additional degrees of
freedom31,32 in designing these devices. For example, Vlasov et al.
demonstrated optical switching in a high-order ring resonator fil-
ter by thermal tuning of the coupling between the cavities achieved
with an external laser.33 The Kerr nonlinearity has been studied in
these systems showing slow-light enhanced four-wave mixing,34,35
self-pulsation,36,37 and multistability.38,39
Although theoretical models that consider both the optical
nonlinear Kerr and thermal effects have previously been proposed
and investigated,24,37 the bistable and, especially, the multi-stable
behavior in high-order microresonator filters have not been exper-
imentally demonstrated. In this work, we present both theoretical
and experimental studies of the multi-stable response of a fifth-order
microring resonator filter. The characterization of the intracavity
power distribution in each of the coupled resonators, performed by
observing the spectra over different nonlinear regimes, provides a
further understanding of the nonlinear dynamics in coupled non-
linear systems. Here, we use a theoretical model based on coupled
mode theory31 to describe a nonlinear high-order microring res-
onator filter and experimentally verify its multi-stable behavior. We
determine the magnitude of the thermally induced resonant fre-
quency shift by comparing experiments with simulations. Finally,
we investigate the effects of input frequency detuning on the nonlin-
ear response and derive a method to measure the intracavity power
distribution at various stages of the nonlinear operation.
II. THEORETICAL MODEL
Figure 1 shows a schematic of a device consisting of a series
of N coupled resonators with the first and last cavities coupled
to the input and output waveguides, respectively. The individual
resonators are characterized by the energy wave amplitudes for
the rings and are represented by the energy amplitude array a= [a1, a2, . . . , aN−1, aN]T , where |aq|2 is the energy in the qth ring
defined in units of joules (J). We assume that the power Pin, defined
in units of watts (W), is excited at the input waveguide, with the
input array s = [−jμiP1/2in , 0, . . . , 0, 0]T . Here, μi is the input coupling
coefficient, in dimensionless units. The time evolution of the energy
amplitude a(t) has the following form:31,37
da
dt
=Ma + s, (1)
where M is the coupling matrix.
To account for the thermal contribution, an array Δω(T)
is introduced with Δω(T) = [Δω(T)1 ,Δω(T)2 , . . . ,Δω(T)N−1,Δω(T)N ]T ,
where Δω(T)q (t) is the time-dependent temperature induced reso-
nance shift of the qth ring in unit of rad/s. The amount of thermally
induced frequency shift for the individual ring is a function of the
instantaneous energy stored in the ring so that the time evolution of
Δω(T) is expressed as follows:
τT
dΔω(T)
dt
= −Δω(T) + γTQ . (2)
Here, τT is the thermal relaxation time and γT is the ther-
mal coefficient defined in J−1 s−1 and characterizing the thermally
induced frequency shift, while the array Q = [∣a1∣2, ∣a2∣2, . . . , ∣aN−1∣2,∣aN ∣2]T takes into account the energies in each ring. When only the
first terms of the right-hand side of Eq. (2) are considered, the equa-
tion exhibits an exponential decay type solution, showing that the
angular frequency deviation approaches zero with time. In other
words, the system gradually becomes stable, and there is no angu-
lar frequency deviation with increasing time if no external effect
is introduced. The second term in the right-hand side of Eq. (2)
describes the angular frequency deviation due to the power depen-
dent thermal effect. It is noted that both the nonlinear Kerr effect
and the thermal effect lead to a red shift of the angular frequen-
cies in our simulations and experiments. The cancellation between
the nonlinear Kerr effect and the thermal effect is not considered
in this model. Other effects including the plasma effect are also not
considered.40–42
Besides the usual linear ML and nonlinear MNL elements, the
coupling matrix M in the model also consists of an additional
thermal coupling matrix element MT to account for the thermally
induced frequency detuning, such that M = ML + MNL + MT, where
FIG. 1. Schematic of the Nth order microring resonator filter with N cascaded rings coupled to two straight waveguides. aq (q = 1, . . ., N) represents the energy amplitude
in the qth ring. Pin and Pdrop represent the power at the input and drop ports, respectively. μz (z = i, o) represents the normalized coupling coefficients between the straight
waveguide and the ring waveguide, and μz (z = 1, . . ., N − 1) represents those between the adjacent ring waveguides.∆ωq = 2π∆f q is the angular frequency detuning from
the resonance angular frequency ωq of the qth ring.
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ML = −
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
jΔω1 + μ
2
i
2 +
μ2L
2 jμ1 0
jμ1 jΔω2 + μ
2
L
2 jμ2
O
jμN−2 jΔωN−1 + μ2L2 jμN−1
0 jμN−1 jΔωN + μ2o2 + μ2L2
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3)
MNL = −jγK⎡⎢⎢⎢⎢⎢⎣
∣a1∣2 ⋱ ∣aN ∣2
⎤⎥⎥⎥⎥⎥⎦ , (4)
MT = −j⎡⎢⎢⎢⎢⎢⎣
Δω(T)1 ⋱
Δω(T)N
⎤⎥⎥⎥⎥⎥⎦ . (5)
Here, ∆ωq = 2π∆f q is the angular frequency detuning from the
resonance angular frequency ωq of the qth ring. The coupling coeffi-
cients are expressed in dimensionless units, where μL2/2 is the decay
rate due to intrinsic loss, while μi2/2 and μo2/2 represent coupling
to the input and output waveguides, respectively. The relationships
between the power coupling coefficient kz and the normalized coef-
ficient μz are ki = μi√Tr , ko = μo√Tr , k1 = √μ1Tr , k2 = √μ2Tr , k3=√μ3Tr , and k4 =√μ4Tr , where Tr = 2πR/vg is the roundtrip time,
R is the ring radius, and vg the group velocity.24 Also, μL =√αc/n0,
where α represents loss in units of nepers/m. Here, n0 is the effec-
tive index. In Eq. (4), we have expressed the Kerr effect in J−1 s−1, γK
= γc/(n0Tr), so that it can be directly compared to the thermal coeffi-
cient γT . The parameter γ is the nonlinear coefficient due to the Kerr
effect in W−1 m−1, defined as γ = n2ω0/(cAeff ). Here, n2 is the Kerr
coefficient at the frequency ω0, c is the speed of light in vacuum, and
Aeff is the effective area of the cross section of the ring waveguide.
Equations (1)–(5) can be used to obtain a linear relationship
between the frequency detuning ∆f q and the instantaneous ring
power Pq = |aq|2/Tr as follows:
Δfq = (γT + γK)TrPq2π . (6)
To study the instability property of the system described
by Eqs. (1)–(6), we implemented a linear stability analysis. We
introduced a perturbation vector δa to the energy amplitude
stationary state af and a perturbation vector δΔω(T) to the
thermal detuning stationary state Δω(T)f , where δa = [δa1 ,
δa2, . . . , δaN−1, δaN]T , af = [af ,1, af ,2, . . . , af ,N−1, af ,N]T , and
δΔω(T) = [δΔω(T)1 , δΔω(T)2 , . . . , δΔω(T)N−1, δΔω(T)N ]T andΔω(T)f is ref-
erenced to the fixed point Δω(T)f = [Δω(T)f ,1 ,Δω(T)f ,2 , . . . ,Δω(T)f ,N−1,
Δω(T)f ,N ]T . By solving the complex eigenvalue problem of the first
order perturbation equations, one can determine the different sta-
bility regions of the system.37
We now consider the multi-stable behavior of the fifth-order
microring resonator filter for theoretical verification and experimen-
tal demonstration, starting with its theoretical analysis. Our device
is the so-called Chebyshev filter, and it has been designed with
a configuration presenting the maximum flat passband.31 Such a
configuration is obtained by setting the six coupling coefficients as
μi = μo, μ1 = μ4 = 0.309μi2, and μ2 = μ3 = 0.178μi2. A value for μi
of 1.7665 × 105 is used in the simulation, which corresponds to the
power coupling coefficients ki = 0.235. μL is assumed to be zero. The
relaxation time τT for the thermal effect is assumed to be 1 ms in
the simulations, which is reasonable and beyond the estimated value
of about 1 μs for the thermal relaxation time used in Ref. 24. The
static properties of the fifth-order microring resonator filter (given
an input laser detuning ∆f p = −2.3 GHz) calculated and shown in
Fig. 2. As an example, the left panel of Fig. 2(a) reports the output
power Pdrop of the steady state as a function of the input power Pin for
γT/γK = 100. Here, the blue parts of the multi-stable curve mark the
unstable state, while the red parts represent the stable state, where
the maximum number of unstable states is proportional to the fil-
ter order. In the right subgraph, the real and imaginary parts of the
dominant eigenvalue corresponding to such a stationary state are
also calculated.40 The multi-stable regions with positive real parts of
the eigenvalues and zero imaginary parts are shaded in blue, match-
ing the threshold boundaries of the multi-stable regions depicted
in the left subgraph. Figure 2(b) presents a map of the stable and
unstable regions of the filter as a function of both the output power
Pdrop = |aN |2/Tr and the ratio γT/γK . The expected decrease in the
output power threshold boundaries of the bi-stable and multi-stable
regions is observed when increasing the ratio γT/γK . The theoreti-
cally calculated map for a specific high-order microring resonator
filter can be used to fit the experimental results and obtain an esti-
mate of the thermal coefficient γT , using the measurement of the
Kerr coefficient γ ∼ 233 W−1 km−1.16 The linear coupling coefficients
can be obtained by fitting the output filter shape.
FIG. 2. (a) Left subgraph: simulated multi-stable behavior between Pdrop and Pin
in a fifth-order ring resonator filter when considering both Kerr and thermal effects.
Right subgraph: real and imaginary parts of the dominant eigenvalues of the per-
turbation matrix under different Pdrop. The multi-stable regions are highlighted in
light blue, and the unshaded regions are stable. The zero line is marked in green.
(b) Multi-stable regions are marked in blue as a map of Pdrop and the ratio γT /γK .
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FIG. 3. Schematic of the experimental
setup for measuring the linear and non-
linear responses of the fifth-order micror-
ing resonator device. The upper combi-
nation of a tunable laser and a power
meter was used for the linear insertion
loss measurement, while the identical
lower combination was used for the bi-
stable and multi-stable responses mea-
surement. Furthermore, both were used
together for the spectral shape evolution
measurement.
III. RESULTS AND DISCUSSION
A. Experimental setup and the fifth-order microring
resonator filter
Figure 3 shows a schematic of the bi-stability and multi-stability
experiments, which also allow for the measurement of the high-
order ring resonator filter response. The fifth-order ring resonator
filter device consists of a cascade of five microring resonators com-
prised of high-index (n = 1.7) doped silica glass core waveguides
embedded in the silica cladding layer. The five rings have the same
radius of 50 μm, where the dimension of the waveguide cross sec-
tion is 1.45 × 1.45 μm2. The high-index-contrast waveguide has
negligible linear (<0.06 dB/cm) and nonlinear losses with nonlin-
ear parameter γ as high as ∼233 W−1 km−1.16 The packaged device
was under temperature control with a resolution of 0.01 ○C, which
corresponded to a shift of 0.2 pm in wavelength. In the bi-stability
and multi-stability experiment, the input signal was supplied by a
quasi-CW tunable laser with frequency ωinput subsequently ampli-
fied by an erbium doped fiber amplifier (EDFA). Here, the amplified
spontaneous emission noise was suppressed via a 1 nm tunable filter
with an extinction ratio greater than 55 dB. A polarization con-
troller was used to adjust the polarization of the input signal into
the device. To determine the intracavity power distribution, the evo-
lution of the filter response during the operation was measured with
an Agilent insertion/polarization dependent loss (IL/PDL) fast scan-
ning system. Such a system consisted of a quasi-CW laser acting
as the probe beam and a polarization synthesizer. To minimize the
effect of the scanning signal on the instability behavior, the input fre-
quency ωinput and the probe frequency ωprobe were kept to within a
few free spectral ranges (FSRs) apart, with the power of the probe
beam kept at least 30 dB below the input beam. The output sig-
nal from the drop port was frequency separated into two paths,
with the input and probe signals detected by using two separate
detectors.
In the experiment, the linear response of the fifth-order device
was measured with the input signal switched off and with the output
at the drop port directly connected to the Agilent N7744A optical
power detector. Figure 4(a) shows the measured drop response of the
device across a span of two FSRs, with FSR = 577 GHz at 1565 nm.
The full width at half maximum (FWHM) of the filter pass band is
3.5 GHz. Since the individual rings in the fabricated device are not
identical due to fabrication process variations, there is a slight dif-
ference in the spectral shape at different resonances, as shown in the
enlarged insets. The measured through port loss is 2.75 dB, indicat-
ing that the coupling loss between the fiber and the waveguide is<1.5 dB per facet, while the pass band loss is about 4 dB. The pass
band near 1560 nm is fitted against the linear model in Ref. 31
to determine the relative detuning between the individual rings of
the filter and the corresponding coupling coefficients. The extracted
individual detuning is zero, and the coupling coefficients between
the ring and waveguide are μi = 0.13 and μo = 0.10, while between the
individual rings are μ1 = 0.015, μ2 = 0.01, μ3 = 0.0115, and μ4 = 0.012.
The loss is 0.22 dB/cm, which corresponds to a coefficient μL of
about 94.5. The simulated linear response with the above-mentioned
parameters is shown in Fig. 4(b).
B. Bi-stable and multi-stable responses
Figure 5(a) shows the simulated nonlinear response at a pump
detuning of ∆f p = −3.0 GHz. Using the extracted filter parame-
ters and according to the steady state analysis in Fig. 2(b), γT/γK
is set to 180 in the simulations to obtain the best agreement with
experiments, which tends to apply to all frequencies. In other words,
thermal effects form the bulk of the contribution to the observed
bi-stable behavior. Based on this thermal coefficient value, we inves-
tigated the influence of the input detuning ∆f p on the instabil-
ity response both experimentally and with the nonlinear model.
Figures 5(b) and 5(c) show the simulated and measured responses
FIG. 4. (a) Linear insertion loss of the resonance of the fifth-order device with an
FWHM of 3.5 GHz and FSR of 577 GHz. (b) Simulated linear filter shape at around
1560 nm.
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FIG. 5. Plots of the output power Pdrop at the drop port as a function of the input power Pin, for input detunings ∆f p of (a) −3.0 GHz, (b) −2.7 GHz, and (c) −2.4 GHz,
respectively. A green and a blue line with circle symbols are used for simulated and measured data taken at increasing powers, while a red line with square symbols and a
blue line with circle symbols are used for simulated and measured data taken at decreasing powers. A value γT /γK = 180 was used in the simulations.
when the input frequency was tuned to ∆f p = −2.7 GHz and−2.4 GHz, respectively. It can be seen from the experimental
results that a slight detuning of 0.3 GHz, from −3.0 GHz to−2.7 GHz, induced a drastic change to the response, shifting
the behavior from bi-stable to multi-stable, in good agreement
with the model. At ∆f p = −2.7 GHz, both the experimental
and simulated results show that the variation of the multi-stable
response at larger powers creates an additional hysteresis loop.
FIG. 6. [(a)–(c)] Simulated responses of individual ring power Pq vs the input power Pin, [(d)–(f)] simulated distribution of the individual ring power, and [(g)–(i)] simulated
spectral shape, at input detunings ∆f p of −2.4 GHz, −2.7 GHz, and −3.0 GHz, respectively. The three main types of individual ring detuning distribution are colored in
red, magenta, and green and presented at different stages. The cyan ones represent the transition state in the unstable region. The normalized simulated bi-stable and
multi-stable curves are also plotted in blue in [(g)–(i)], showing the consistence between the bi-stable and multi-stable responses and the spectral shape evolution.
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When the detuning is further reduced by an amount of 0.3 GHz
at ∆f p = −2.4 GHz, the additional hysteresis loop observed at
∆f p = −2.7 GHz becomes narrower with the main bi-stable behav-
ior having a much smaller hysteresis loop compared to that at
∆f p = −3.0 GHz. The large change in the observed nonlinear behav-
ior with only a slight change of input frequency offers an interesting
route for creating tailored pulse shapes by controlling the power,
frequency, and spectral width of the input pulse.
C. Intracavity power distribution
To obtain a better understanding of the characteristics of the
observed bi-stability and multi-stability behaviors at different stages,
we plot in Fig. 6 the simulated intracavity power distribution of the
filter stemming from the nonlinear behavior of the individual rings.
Figures 6(a)–6(c) show the simulated individual ring powers as a
function of increasing Pin for different input detuning values. The
first three rings near the input waveguide have very different behav-
ior compared to the remaining two rings. The last two rings exhibit
classical instability behavior, while the response of the first three
rings is more erratic. The detuning variation ∆f q, of the individ-
ual rings with Pin at different stages of the bi-stable and multi-stable
curves, given by Eq. (6), is shown in Figs. 6(d)–6(f).
In the initial stable region where Pin is below the lower tran-
sition threshold of the bi-stability or multi-stability, the values of
∆f q are small and they all shifted together, nearly “in unison” with
each other. Here, the filter pass band slightly shifts in the nega-
tive frequency direction with an increase in Pin while maintain-
ing its original shape, as marked in red in Figs. 6(g)–6(i). When
Pin is further increased, the middle rings 2 and 4 encounter larger
nonlinear shifts than the other rings because the optical power is
larger in these rings. Therefore, the bi-stable and multi-stable curves
are determined by the distribution of the individual ring detun-
ing. Figures 6(g)–6(i) show that once the detuning of the individ-
ual rings changes, the original near flat-top filter shape becomes
distorted and the ripples of the responses become more com-
plex, as marked in magenta and green. This corresponds to the
redistribution of the power between the individual rings. Gen-
erally, as the shape of the filter response evolves with Pin, the
spectral power tracks the changes in the bistable and multi-stable
responses, as deduced when comparing the bistable and multi-
stability curves in blue with the evolution of the spectral shapes in
Figs. 6(g)–6(i). Furthermore, it can be seen from Fig. 6 that the
frequency of the input power can be used to select the bistable
or multi-stable behavior with different intracavity power distribu-
tions at different stages. From this analysis, it is clear that the
main difference between the instability behaviors in the single-
order and high-order ring resonator filters lies in the high-order
filter’s ability to redistribute its intracavity power, so as to drastically
alter the filter response and create much more complex instability
dynamics.
Using the scanning probe beam and the Agilent N7744A detec-
tor in Fig. 2, the output filter response two FSRs away from the
input at various Pin was measured to experimentally investigate
the evolution of the filter responses. The individual ring detun-
ings ∆f q were extracted by assuming that the coupling coefficients
μz were fixed at their initial values. The extracted ∆f q as a func-
tion of input power Pin at three input frequencies are presented in
Figs. 7(d)–7(f), showing the distinct distribution of the individual
ring detuning in the simulations discussed above. However, it is the
evolution of the filter response in Figs. 7(a)–7(c) that clearly demon-
strates the basis of the bi-stable and multi-stable behaviors in the
experiment.
FIG. 7. [(a)–(c)] Normalized measured spectral shape evolution Tdrop and [(d)–(f)] extracted individual ring detuning∆f q, as a function of the input power Pin at input detunings
∆f p of −2.4 GHz, −2.7 GHz, and −3.0 GHz, respectively. The normalized measured bi-stable and multi-stable curves are also plotted in blue in [(a)–(c)].
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IV. CONCLUSION
We theoretically analyze and experimentally demonstrate opti-
cal bi-stability and multi-stability in a high-order integrated non-
linear microring resonator filter. We present a nonlinear model for
the analysis of instability in the Nth order resonator filter, which
includes both thermal and Kerr effects. The model is used to pro-
vide insight into the measured bistable and multi-stable behavior
in a fifth-order microring resonator filter. By comparing the sim-
ulated and measured bi-stable responses, the thermal effect has been
found to dominate the response, being two orders of magnitude
larger than the Kerr effect. Using an additional scanning probe beam
and a separate detector, we measured the evolution of the filter
response for different input powers. We observed that the detun-
ings of the individual rings all shifted uniformly at low-power, while
they had different distributions at different stages of the bi-stable and
multi-stable curves at high-power. We have shown that the differ-
ent nonlinear filter responses in the high-order ring resonator filter
are due to the redistribution of the optical power within the single
resonators. The complex instability behavior achieved in the high-
order ring resonator filter can be potentially exploited to produce
advanced switching devices.
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